Abstract. The notion of completely positive invariant conjugate-bilinear map in a partial *-algebra is introduced and a generalized Stinespring theorem is proven. Applications to the existence of integrable extensions of *-representations of commutative, locally convex quasi*-algebras are also discussed.
Introduction
Completely positive linear maps on *-algebras play a relevant role in many applications such as quantum theory, quantum information, quantum probability theory [see [9, 5] , for overviews].
In quantum physics, for instance, these maps describe the passage from the dynamics of a system to that of its subsystems and they act on the observable algebra of the system itself which is usually taken to be a C*-algebra and then represented by bounded operators on some Hilbert space.
It is now long time that the C*-algebraic approach to quantum theory has been shown to be a too rigid scheme to include in its framework all objects of physical interest and several possible generalizations have been proposed: quasi *-algebras, partial *-algebras and so on. It is then natural to try and extend the notion of complete positivity to these different situations that become relevant when unbounded operators occur.
From a mathematical point of view the most classical result on this topic is the Stinespring dilation theorem, that essentially says that a linear map T : A → B where A is a C*-algebra with unit and B is a C*-algebra of bounded operators in Hilbert space H, is completely positive if and only if it has the form T (a) = V * π(a)V, a ∈ A where π is a bounded representation of A in Hilbert space K and V is a bounded linear map of H into K. A more general set-up was considered by Schmüdgen in [8, Ch.11 ] where he considered completely positive maps from an arbitrary *-algebra A into a vector space X and showed that a Stinespring-like representation holds for all completely positive mappings of A into a vector space X. This result found applications in the study of integrable extensions of *-representations of both commutative *-algebras and enveloping algebras. This paper is devoted to the possibility of extending Schmüdgen's results to the case where A is a partial *-algebra [2] . The lack of an everywhere defined multiplication makes impossible to adapt the usual notion of complete positivity for a linear map T , since in this case products of the form a * b, a, b ∈ A need not be defined. For this reason, we consider instead of linear maps, conjugate-bilinear maps defined on a subspace of A × A. But, in the same fashion as Antoine and two of us did in [1, 2] for generalizing the GNS costruction to partial *-algebras, also in this case, in order to obtain what will be called a Stinespring dilation of the given completely positive conjugate-bilinear map, we need to suppose the existence of a subspace (the core) of the space of universal right multipliers RA of A enjoying certain conditions of quasi-invariance.
The paper is organized as follows. After giving some preliminaries (Section 2), we prove, in Section 3, a generalized Stinespring theorem for completely positive, conjugate bilinear, quasi-invariant maps on a partial *-algebra A, with values in a vector space X and we examine the relationships of the related representations when different cores are considered.
In Section 4 we consider completely positive invariant linear maps on partial O*-algebras that are the natural framework were *-representations of abstract partial *-algebras are defined.
In Section 5, we discuss applications to the existence of integrable extensions of *-representations of commutative, locally convex quasi*-algebras.
Preliminaries
In this Section we will collect some basic definitions needed in what follows.
A partial *-algebra is a complex vector space A, endowed with an involution x → x * (that is, a bijection such that x * * = x) and a partial multiplication defined by a set Γ ⊂ A × A (a binary relation) such that:
(iii) for any (x, y) ∈ Γ, there is defined a product x · y ∈ A, which is distributive w.r. to the addition and satisfies the relation (x · y) * = y * · x * . We shall assume the partial *-algebra A contains a unit 1 , i.e., 1 * = 1 , (1 , x) ∈ Γ, ∀ x ∈ A, and 1 · x = x · 1 = x, ∀ x ∈ A. (If A has no unit, it may always be embedded into a larger partial *-algebra with unit, in the standard fashion.)
Given the defining set Γ, spaces of multipliers are defined in the obvious way: (x, y) ∈ Γ ⇐⇒ x ∈ L(y) or x is a left multiplier of y ⇐⇒ y ∈ R(x) or y is a right multiplier of x.
A partial *-algebra A is said to be semi-associative if y ∈ R(x) implies y · z ∈ R(x) for every z ∈ RA and
Let A[τ ] be a partial *-algebra, which is a locally convex space for the locally convex topology τ . Then A[τ ] is called a locally convex partial *-algebra if the following two conditions are satisfied:
(i) the involution x → x* is τ -continuous;
(ii) the maps x → ax and x → xb are τ -continuous for all a ∈ LA and b ∈ RA.
A quasi *-algebra is a couple (A, A 0 ), where A is a vector space with involution * , A 0 is a *-algebra and a vector subspace of A and A is an A 0 -bimodule whose module operations and involution extend those of A 0 [8] . Of course, any quasi *-algebra is a partial *-algebra.
A quasi *-algebra (A, A 0 ) is said to be a locally convex quasi *-algebra if A is endowed with a locally convex topology τ such that (i) the involution x → x* is τ -continuous;
(ii) the maps x → ax and x → xb are τ -continuous, for all a, b
Let H be a complex Hilbert space and D a dense subspace of H. We denote by L † (D, H) the set of all (closable) linear operators X such that [2] with respect to the following operations: the usual sum X 1 + X 2 , the scalar multiplication λX, the involution X → X † = X* ↾ D and the (weak) partial multiplication
If (X 1 , X 2 ) ∈ Γ, we say that X 2 is a weak right multiplier of X 1 or, equivalently, that X 1 is a weak left multiplier of X 2 (we write
, containing the identity and such that X † ∈ M whenever X ∈ M and X 1 X 2 ∈ M for any
Then L † (D) is a *-algebra w.r.to and
The following topologies on L † (D, H) will be used in this paper:
• the weak topology τ D w : defined by the seminorms p ξ,η , ξ, η ∈ D where
If (ii) holds only when a ∈ A and b ∈ RA, we say that π is a quasi *-representation.
If π is a *-representation of the partial *-algebra A, then π(A) need not be a partial O*-algebra, but, in general, it is only an O * -vector space.
If M is an O*-family on D, the graph topology on D is the locally convex topology defined by the family { · X ; X ∈ M} of seminorms: ξ X ≡ Xξ , ξ ∈ D and it is denoted by t M . We denote by D(M) the completion of the locally convex space D[t M ] and put
An O*-family M on D is said to be closed if D = D(M); and it is said to be
Finally, M is said to be integrable if M is fully closed and each X ∈ M such that X = X † is essentially selfadjoint.
The set
is closed (respectively, fully closed, self-adjoint, integrable).
Generalized Stinespring theorem
Let A be a partial *-algebra with identity 1 and X a vector space. We denote with S(X) the involutive vector space of all sesquilinear forms on X × X with involution ϕ → ϕ + where ϕ + (ξ, η) = ϕ(η, ξ), ξ, η ∈ X.
A map Φ :
It is clear that Φ is a sesquilinear map, i.e.
• Φ(x, αy
A subspace B Φ satisfying the above requirements is called a core for Φ. If RA is a core for Φ, then Φ is said to be totally invariant.
In analogy with [1, 3, 8] , we give the following
We now give some examples of completely positive, invariant conjugatebilinear maps.
Example 3.3. Let A be a partial *-algebra and X a vector space. Let π be a (quasi) *-representation of A on the domain D(π). Let V : X → D(π) be a linear map. We define a map Φ {π,V } of A × A into S(X) by
Then Φ {π,V } is a completely positive conjugate-bilinear map on A × A.
Example 3.4. Let A be a partial *-algebra and π a *-representation of A.
Then Φ π is a completely positive conjugate-bilinear map on A × A. We put
, then Φ π is invariant with core B π . Furthermore, if π is selfadjoint, then B π = RA and Φ π is totally invariant.
Example 3.5. Let A be a partial *-algebra and π a (quasi) *-representation of A. Let X be a vector space and A ⊗ X the algebraic tensor product of A and X. A linear map λ defined on a subspace D(λ) of A ⊗ X into H π is said to be a strongly cyclic vector representation of A ⊗ X for π if there exists a subspace B λ of
Then Φ {π,λ} is a completely positive conjugate-bilinear map on A × A such that
Example 3.6. Let A[τ ] be a locally convex semi-associative partial *-algebra. Then M A = LA ∩ RA is a *-algebra. Let Φ 0 : M A → S(X) be a completely positive linear map on M A. We assume that S(X) is endowed with the topology t S of simple convergence, defined by the seminorms
is continuous with respect to the product topology defined by τ on M A and the topology t S of S(X).
where {x α } and {y β } are nets in M A that converge to a and b respectively. Then Φ is a completely positive quasi-invariant conjugate bilinear map on A × A with core M A. In particular, if A is a locally convex quasi*-algebra over A 0 (in this case M A = A 0 ), then Φ is a completely positive totally invariant conjugate bilinear map on A × A with core A 0 .
Example 3.7. Let A 0 [ · ] be a unital C * -algebra with C * -norm · and τ a locally convex topology on A 0 which is finer than the C * -norm · -topology such that A 0 [τ ] is a locally convex * -algebra. Let F 0 be a completely positive linear map of A 0 into the * -algebra B(H) of all bounded linear operators on a Hilbert space H.
(1) Suppose that the map :
w ] is continuous for some dense subspace D in H. Then we put
where {x α } and {y β } are nets in A 0 which converge to a and b w.r.t. the topology τ , respectively. Then F is a completely positive totally invariant conjugate-bilinear map of the locally convex quasi * -algebra
where {x α } is a net in A 0 which converges to a w.r.t. τ . Example 3.8. The previous example suggests a possible physical application concerning the time evolution of a quantum system. Let A 0 be the C*-algebra of local observables of some physical system, in the sense of [9] . Let α t be the automorphisms group that describes the time evolution of the elements of A 0 . Then the completion A of A 0 w.r. to the physical topology [7] is a locally convex quasi *-algebra over A 0 , which needs to be introduced because it contains physically relevant observables as well as their time evolutions. Then, if we define
F 0 enjoys all conditions required in the previous example, so that the corresponding F is a completely positive totally invariant conjugate-bilinear map.
We now show that Example 3.5 completely covers the general situation; that is, for any completely positive (quasi) invariant conjugate bilinear map Φ : D(Φ) × D(Φ) → S(X) there exists a couple {π, λ} consisting of a *-representation π of A and of a strongly cyclic vector representation λ of A ⊗ X for π such that Φ = Φ {π,λ} . This is a generalization of Stinespring's theorem for completely positive linear maps on von Neumann algebras [10] . Generalizations of Stinespring's theorem have been studied by Powers [6] and Schmüdgen [8] for O*-algebras and by Ekhaguere and Odiobala [3] and Ekhaguere [4] for partial *-algebras. This paper is aimed to generalize Schmüdgen's results to partial *-algebras. The outcome is also a generalization of the studies of Ekhaguere and Odiobala.
Let A be a partial *-algebra with identity 1 , X a vector space and Φ a completely positive invariant conjugate bilinear map of D(Φ) × D(Φ) into S(X). By the complete positivity of Φ, a semidefinite inner product | on the algebraic tensor product D(Φ) ⊗ X of D(Φ) and X can be defined by
⊗ N is a pre-Hilbert space and its completion is denoted by H Φ . By condition (I 4 ) of Definition 3.1 it is easily seen that
which implies that π 0 is well-defined and that it is a *-representation of A. We denote with π its closure. Then it is clear that λ Φ is a strongly cyclic vector representation of A ⊗ X for π with core B Φ and that Φ = Φ {π,λ Φ } . In particular, suppose that B Φ ∋ 1 . We put
Then V is a linear map of X into D(π) such that λ Φ (B Φ ⊗ X) = π(B Φ )V X and Φ equals the completely positive invariant conjugate bilinear map Φ {π,V } of Example 3.3. The maps π and V above are denoted with π B φ and V Φ , respectively, since they are determined, respectively, by the core B Φ and by Φ only.
In the case that Φ is quasi-invariant, π B φ is a quasi *-representation of A and λ Φ and V Φ are defined in similar way as above.
Thus we have proved the following
Theorem 3.9. Let A be a partial *-algebra with identity 1 , X a vector space and Φ a completely positive (quasi-) invariant conjugate bilinear map of D(Φ) ⊗ D(Φ) into S(X). Then there exists a couple (π B Φ , λ Φ ) consisting of a closed (quasi-) *-representation π B Φ of A and a strongly cyclic vector representation
for every a, b ∈ A, x, y ∈ B Φ and ξ, η ∈ X. In particular, if 
Thus, B L Φ is the largest among the cores for Φ having the mentioned properties. This completes the proof.
We put
We obtain a unique characterization of a *-representation π B Φ in terms of a core B Φ . Φ . We now specialize the generalized Stinespring theorem that we have obtained to some particular cases. The first one is the case where A is a locally convex quasi *-algebra. The second is the case of completely positive totally invariant conjugate-bilinear maps into partial O*-algebras. Then the following statements hold:
Then T is said to completely positive if Φ T is completely positive. The notion of (quasi-) invariance for T is defined in similar way.
If T is completely positive and totally invariant, then it determines a couple (π Φ T , V Φ T ) as described in Theorem 3.9. For shortness, we put π Φ T ≡ π T and V Φ T = V T . 
It is then easily shown that (i) and (ii) hold. Moreover
Completely positive linear maps on partial O * -algebras
In this section we define and investigate completely positive invariant linear maps on partial O * -algebras.
Let M be a partial O * -algebra on D in H with identity operator I.
If there exists a completely positive conjugate-bilinear map
then F is said to be completely positive. If
• F is (totally) invariant, then F is said to be (totally) invariant.
By Theorem 3.9 and Corollary 3.14 we have the generalized Stinespring theorem for completely positive invariant linear maps on partial O * -algebras.
Theorem 4.2. Suppose that F is a completely positive totally invariant linear map of
We construct completely positive invariant linear maps on partial O * -algebras. Proof. For any A, B ∈ M we put
where {X α } and {Y β } are nets in M (M) which converge to A and B with respect to the topology τ D s * , respectively. Then it is shown that 
Indeed, let T = ∞ 0 λdE T (λ) be a spectral resolution of T and N 0 a * -subalgebra generated by I and 
5.
Application to integrable extensions of *-representations of commutative locally convex quasi *-algebras Let (A, A 0 ) be a locally convex quasi *-algebras with unit 1 . Let τ be the topology of A. Let also π be a closed *-representation of A 0 which is continuous from
where {x α } ⊂ A 0 is a net τ -converging to a. Then we have the following
First of all we observe that π is a *-representation of A and the closedness of π implies the closedness of π.
(ii) In general we have
for all a ∈ A and ξ, η ∈ D(π). Therefore C ∈ π(A) ′ w .
In this section we investigate under which conditions π has an integrable extension, as an application of the results of the previous section. In other words, we generalize Scmüdgen's result ( [8] , Theorem 11.3.4), originally given for *-algebras, to the case of partial *-algebras.
We denote by M n (C[x 1 , . . . , x m ]) the set of all n×n-matrices (P kl (x 1 , . . . , x m )) of polynomials in the m variables x 1 , . . . , x m . An element (P kl ) of M n (C[x 1 , . . . , x m ] ) is said to be positive definite if, for any (λ 1 , λ 2 , . . . , λ m ) ∈ R m , the matrix (P kl (λ 1 , λ 2 , . . . , λ m )) is positive semidefinite, that is n k,l=1
By ( [8] , Lemma 11.3.2), M (A 0 , int) + is independent of B 0 and it is an m-admissible cone in A 0 , that is: Let us now prove that ρ is integrable. Indeed, we can first prove that π 1 (A 0 ) ′ w = ρ(A) ′ w . Let, in fact, C ∈ π 1 (A 0 ) ′ w . Then, for all a ∈ A, C 1 , C 2 ∈ π 1 (A 0 ) ′ w and ∀ ξ, η ∈ D(π), we have Cρ(a)C 1 ξ |C 2 η = C C 1 π(a)ξ |C 2 η = lim α C C 1 π(x α )ξ |C 2 η = lim α C C 1 ξ |C 2 π(x * α )η = C C 1 ξ |C 2 π(a * )η = C C 1 ξ |ρ(a * )C 2 η .
